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A topological generalization of the uniqueness of duals of 3-connectid planar graphs will be 
obtained. A graph G is uniquely embedduble in a surface F if for any two embeddings f,, 
fi : G 4 F, there are an autohomeomorphism h : F 3 F and an automorphism u: G ---* G such 
that h of, = fioo. A graph G is faithfully embeddabie in a surface F if there is an embedding 
f : <3 + F sw$zh that for any automorphism u : G --* G, there is an autohomeomorphism h : F + 
F with h of = fou. Our main theorems state that any &connected toroidal graph is uniquelly 
embeddable in a torus and that any 6-connected toroidal graph with precisely three exceptions 
is faithfully embeddakie in a torus. The proofs are based on a classification of 6-regular torus 
graphs. 
1. Ingoduction 
This paper presents topics reHated to Whitney’s result [4] that any 3-connected 
planar graph has a unique dual. We discuss in what manner a graph is embedded 
in a surface. So it is convenient to treat a graph as a topological space with the 
structure of a simplicial l-complex. The combinatorial structure of a graph G is 
indicated by the pair (V(G), E(G)), where V(G) and E(G) stand for the sets of 
vertices and edges of G respectively. An isomorphism between two gr&phs G1 and 
G2 is a homeomorphism between them which sends V(G,) to V(G,) bijectively. 
Especially, an isomorphism from a graph G to itself is called an automorphism of 
G. If graphs are supposed to have no vertex of degree 2, there is no gap between 
a homeomorphism and an isomorphism. An embedding of a graph G in a surface 
F is regarded as a continuous map f : G *F such that G and its image f(G) are 
homecmorphic via fi Many graph theorists call the subspace f(G) in F with the 
structure of a graph induced by f ‘an embedding of G in F’ rather than the map f. 
Let 4 be surfaces and Gi graphs (i = 1,2). TWO embeddings fi : Gi + fi 
(i = 2,2) are equivalent provided that there exist a homeomorphism h : F, ---, F2 
and an isomorphism u : GI ---, G2 such that It ofI = f*oc. We say that a graph G is 
uniquely embeddable in i $ surface F if any two embeddings of G in F are 
equivalent. Let f : G -+ F be an embedding. An autohomeomorphism h : F + F 
realizes ian automorphism u : G --i* G under f if hof = ficr. We call f a faithful 
embedding if every automorphism of G can be realized by an autohomeomorph- 
ism of F’ under f. If G has a faithful embedding into F, then G is said to be 
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fuit!$ully mbeddabk in F. It is easy to show that G is uniquely and faithfully 
embeddzble in F if and only if for any two embeddings f,, f2 : G -+ F and any 
automorphism u : G ---* G, there is an autohomeomorphism h : F + F with hof, = 
f+r. 
In order to show the uniqueness of duals, Whitney proved by a combinatorial 
method that any isomorphism between two 3-connected planar graphs induces an 
isomorphism between their duals. This implies in our topologkxl sense that any 
3-connected planar graph is uniquely and faithfully embeddable in a sphere. As a 
natural generalization of his result, one may plan to decide, in terms of connectiv- 
ity. when a graph is uniquely or faithfully embeddable in other surfaces. In this 
paper. we shall carry out the plan for toroidal graphs: 
Theorem 1.1 (Uniqueness). Any &connected toroidaI gruph is uniquely embed& - 
b/4 in u torus. 
Theorem 1.2 (Faithfulness). With precisely three exceptions, any &connected 
toroidal graph is faithfully entbeddable in a torus. 
First of all. WC shall classify the 6-regular toroidal graphs with their embeddings 
in Section 3, observing that a toroidal graph is &connected if and only if it is 
6-regular. Secondly we shall establish, in Section 4. a combinatorial criterion to 
decide whcthcr a 6-r=gular toroidal graph is uniquely and faithfully embeddable 
in a torus. The classification of 6-regular toroidal graphs makes it possible to 
check the criterion by an elementary arithmetic. Toroidal graphs having connec- 
tivity 3.4 and 5 which are not uniquely embeddable in a torus will be obtained in 
Section 2, so c#ur the<rems are best possible. 
We work in PL topology and use the graph-theoretical terminology in [I]. Our 
graphs have no multiline and no loop. that is, they are simple. 
2. Examples 
We begin this section with a combinatorial formulation of the uniqueness and 
t+hfulness of embedding of a graph. Throughout this paper, a graph G is 
conncL*ed, a surface F is an orientable closed on\: and an embedding f : G --, F is 
a’ &-ce11 one, that is, each component of F--f(G).. we call a face, is homeomorphic 
to an open 2- cell. Under such assumptions, any embedding can be represented by 
;i ~ruph with rotution. (See C-33 for details.) 
Let G be a graph and F a surface. The neighborhood N(u) of a vertex u of G is 
the set of vertices adjacent to u. We call a cyclic permutation p[u]: N(u) -+ N(u) a 
rotdon for a vertex u and the collection 
p = {p[u): u E V(G)} 
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a rotatiort of a graph G. Fix the orientation of F and let f : G --, F be an 
embedding corresponding to a graph with rotation (G, p). Then f embeds each 
vertex u of G in F so that its neighbors surround u in the cyclic order over N(u) 
induced by pdu], and the rotation p is coherent to the orientation of F. When F 
has the opposite orientation, f corresponds to the inverse (G, p-‘) of the graph 
with rotation, where 
P -* = {(p[u-J)-‘: u E V(G)}. 
Let fi and fi. be two equivalent embeddings from a graph G into an oriented 
surface F, and let h : F - F and P: G + G be an autohomeomorphism of h: and 
an automorphism of G, respectively, with hofI = j$oa. We observe for the graphs 
with rotations (G, p,) and (G, p2) corresponding to f1 and f2, respectively, that 
~(Pllm4) = P*bWlbW h u E W-3) 
or 
o(p,rul(uN = (p*C4.Gl)-'bW~ (u, u E V(G)) 
according to whether h is orientation-preserving or -reversing. Therefore G is 
uniquely embeddable in F if and only if the above observation holds for any two 
graphs with rotations represeming embeddings of G in F. 
Now assume that a graph with rotation (G, p) exhibits a faithful embedding 
f : G + F. Then for any automorphism u : G + G, 
~~PblW) = pbbMdu)) b-4 u E vim 
or 
~(P[UlW) = iprdu)lr'b(uN iv u E V(G)) 
according to whether CT is realized by an orientation-preserving au- 
tohomeomorphism of F or not. We call such a rotation a faithful rotation. 
Roughly speaking, the familiar scheme representing a faithful rotation of a graph 
has the same symmetry as the graph. (An example appears in the proof of 
Proposition 2.4.) But a faithful embedding is not a symmetric one. If a graph has 
no symmetry, a faithful rotation also does. A graph G is faithfully embeddable in 
a surface F if and only if G admits a faithful rotation which corresponds to an 
embedding of G in F. 
The following, four examples illustrate the relationship or the independence 
between the uniqueness and faithfulness of embedding of a graph. 
Proposition 2.1. The complete bipartite graph K 3,3 is neither uniquely nor faithfully 
embeddable in a torus. 
Proof. Fig. 1 shows two different embeddings of I&. In fact, K3,3 is precisely 
two-way embeddable in a torus, which Kagno proved in [2]. In either embedding, 
the cycle la2b3c separates each torus but the cycle 2a lb3c does not. So no 
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Fig. l(a). Fig. l(b). 
autohomeomorphism of the torus realizes an automorphism of K,, which inter- 
changes the vertices 1 and 2 and which leaves the others fixed. Therefore these 
embeddings are not faithful and K 3,3 is not faithfully embeddable in a torus. Cl 
Proposition 2.2. The Cartesian product KS x K3 of two triangles K&S is not uniquely 
but faithfully embeddable in a torus. 
Proof. Two distinct embeddings of &X K3 in a torus are indicated in Fig. 2. 
(Identify each pair of parallel sides of the hexagon in Fig. 2(b).) Labeling the three 
vertices of K3 0, 1 and 2 (mod 3), we observe that the automorphism group of 
& x k& is generated by three correspondences 
(i.j)+(i+ 1.j). (i,j )-+(-i,j), (i,j)+(j, i) (i,j=O, 1,2(mod3)) 
and that these generators can be realized by autohomeomorphisms of the torus in 
Fig. 2(a). Thus the left-hand embedding is faithful. The right-hand one is not 
faithful because the cycle (02)(01)(21)(22) bounds a face but (12)(11)(01)(02) 
does not separate the torus, while the first correspondence above sends (02)(01) 
(21)(22) to (12)( 11)(01)(02). Cl 
Proposition 2.3. The complete graph K, with seven vertices is uniquely but not 
faithfully embeddable in a torus. 
Proof. Fig. 3 shows a unique embedding of K7 in the torus obtained from the 
rectangle by identifying both pairs of opposite sides. The proof of its uniqueness 
Fig. 2(a). 
02 
Fig. 2(b). 
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will be deferred until the next section. In Fig. 3, the triangle 150 bounds a face but 
350 bounds no face. So an automorphism of K7 which interchanges only the 
vertices 1 and 3 can not be realized by an autohomeomorphism of the torus. Thus 
this embedding is not faithful and K7 is not faithfully embeddable in a torus. c1 
Pro~itk 2.4. The graph indicated in Fig. 4 with its embedding in a torus is 
uniquely and faithfully embeddable in a torus. (Rrst identify the upper and lower 
sides of the rectangle and next glue the reszdting cycle 063 to the opposite one with 
slight twisting so that th*e same labels coincide..) 
Pr~f. Let G and f be the graph and the embedding obtained in Fig. 4. Each 
vertex of G is labeled an integer (mod 9). The scheme 
0. 132867 
1. 243078 
2. 354180 
3. 465201 
4. 576312 
5. 687423 
6. 708534 
7. 810645 
8. 021756 
0 0 7 6 
6 3 
3 0 
0 8 7 6 
Fig. 4. 
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represents the graph with rotation corresponding 
each line of the above scheme has the form 
k. k+l k+3 k-+2 k-l k-3 k-2 (k = 0, 1, . . . ,8 (mod 9)). 
to the embedding fi Notice that 
Paying attention to the fact that the complement of G is the cycle 051627384, we 
observe that the automorphism group of G is isomorphic to the dihedral group 
generated by the two correspondences 
k-+k+l, k-*-k (k=O, 1,. . . ,8 (mod 9)). 
These generators do not change the scheme of the rotation up to shifts of lines. 
This implies that f is a faithful embedding. 
The uniqueness of f will be proved in Section 4, so G is faithfully embeddable 
in a torus. Kl 
An embedding f: G + F is said to be triangular if each face is three-cornered, 
and a graph G is called a triangulation of a surface F if G has a triangular 
embedding in F. observe that if G is a triangulation of F then any embedding of 
G in F i:: triangular and G with a new edge added can not be embedded in F. Tt 
may be said that vertices of a triangulation of F are joined as much as possible in 
EL Since graphs having higher connectivity tend to be uniquely embeddable in a 
surface. one might expect that a triangulation of a surface would be uniquely 
cmbeddahlc in the surface. The following theorem however disappoints his 
cxpcctat ion: 
Theorem 2.5. T/we we toroidai trianp.dations with connectioity 3, 4 and 5 which 
me rtot uniquely erhedhble in c1 torus. In particular, infinitely many examples of 
connectivity 3 cwi 3 we constructible. 
Prook Let C; I md G2 be isomorphic graphs embedded in a torus as shown in Fig. 
5(a) and (h) respectively. We observe straightforwards that they have connectivity 
3. Notice that the vertex labeled with 0 is a unique one of degree 6 in each graph 
and that the six vertices 1.2, X4, 5.6 adjacent to 0 have different degrees. So any 
1 1 
4 6 
0 0 
Fig. 5(a). Fig. 5(h). 
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isomorphism from GI and G2 sends at least the seven vertices 0, 1,2,3,4,5,6 to 
the vertices with the same labels respectively. If there were an autohomeomorph- 
ism h of the torus which carries G1 onto Gz, then h would preserve the rotation 
for the vertex 0. It is however impossible because the vertex 0 has rotation 
0.12 3 4 5 6 in GI but 0.12 3 6 S 4 in G2. Therefore G, is not uniquely embedd- 
able in a torus. 
In order to construct infinitely many examples, it is sufficient to increase the 
number of vertices on the path joining the vertex 1 to 7. Add the parts indicated 
in Fig. 6 to the shaded face, then 3-connected ones will be obtained. 
Fig. 7(a) and (b) illustrate konnected isomorphic graphs Gs and Gq, respec- 
tively, embedded in a torus. Since only the vertex 5 is adjacent to no vertex of 
degree 5 in each graph, any isomorphism from G3 and G4 sends the vertex 5 to 5. 
The degrees of vertices adjacent to 5 read cyclically 6 8 8 6 7 7 in G3 but 
6 8 7 7 6 8 in G,. Thus there is no isomorphism from G3 to G, which can be 
extended to an autohomeomorphism of the torus. This implies that G3 has at least 
two embeddings in a torus, so it is not uniquely embeddaMe in a torus. 0 
3. Classikation of 69re@ar torus graphs 
A graph embedded in a torus is called a torus graph. Two torus graphs Gi in 
tori Tf (i = 1,2) are said to be equivalent if the inclusion maps il : G1 c 7’: and 
i2 : G2 c T$ are equivalent as embeddings of graphs. In this section, we shall give 
certain standard forms T(p, 9, r) for 6-regular torus graphs and classify them up to 
0 0 3 6 0 
6 4 4 
0 0 3 6 0 
Fig. 7(a). Fig. 7(b). 
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equivalence. The classification of 6-regular torus graphs as embeddings will 
coincide with that of them as graphs after we show the uniqueness-of embedding 
of &regular toroidal graphs in the next section. 
At the beginning, we should characterize 6-regular toroidal graphs in terms of 
connectivity, and observe that the proof of our main theorems can be reduced to a 
problem about 6-regular toroidal graphs. We define the mean degree of a graph G 
as the arithmetic mean value of degrees taken over all vertices of G, and denote it 
by 8(G). In general, g(G) may not be an integer. If G has p vertices and 4 edges, 
then g(G) is equal to 24~: By Euler’s formula for a torus, we can estimate the 
mean degree of a toroidal graph: 
Lemma 3.1. For any toroidal graph G, l%(G) s 6. The equality holds if and only if 
G is a triangulation of a torus. 0 
Theorem 3.2. A toroidal graph is &connected if and only if it is (i-regular. 
Proof. Let G be a toroidal graph. Suppose that G is &connected. Then the 
minimum degree of G is not less than fi while g(G) < 6. Thus each vertex of G 
must have degree precisely 6 and G is 6-regular. 
C’onversely, assume that G is &regular and triangular embedded in a torus T*. 
If G is not 6-connected, then there is a cycle C of length ICI at most 5 in G such 
that C bounds a disk D* in T’ and that the interior of D2, denoted by Int D*, 
contains at least one vertex of G. Suppose that C is chosen to be as short as 
possible. Then each vertex lying on C has degree at least 3 in the graph G nD*. 
Consider the triangulation G’ of T2 obtained from G by replacing (Int D2) n G 
with a single vertex adjacent to all vertices on C. Then the following inequality 
holds, where x stands for the number of vertices of G not contained in 0’: 
6x+h1c1+1C1=6 -ICI 
x+IcI+ 1 -x+Icl+P. 
This contradicts Lemma 3.1. Therefore G is 6-connected. q 
N )w WC shall give a standard construction of 6-regular torus graphs, using the 
‘*oncept of the <universal covering space of a torus. The universal covering space of 
a tt,:rls is homeomorphic to the x - y plane ‘R’. The linearity of R” will play an 
i:nportant role in the proof of our main theorems 
Let G he the union of vertical, horizontal and slope 1 lines through integral 
points in R’, that is. 
d ={(x, ykW XEZ)U{(X, y)ER? pSz!) 
u {(.r, y) E IF: x - y E Z}. 
The graph c is a 6-regular infinite one and triangulates R2. (See Fig. 8.) We call 
d the universal (i-regular trian~ulutiom. Let A@, 4, r) denote the collection of all 
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translations 
(;)- (;)+cq)+6(_b) (a9 Pa 
over R*, for non-negative integers p, 4 and r with pr # 0. Clearly, A(p, 4, r) is a 
group with respect to the composition of translations. Since prf 0, the group 
A(p, 4, r) freely acts on R* and any element of A(p, 4, r) leaves d invariant. The 
orbit space R*/A(p, 4, r) of the group action is homeomorphic to a torus and the 
projection s;/d (p, q, r) of 6 is a &regular triangulation in the torus. Then we 
define the standard 6-regular torus graph T(p, 4, r) of type (p, 4, r) as the 
&regular graph z?/A (p, 4, r) in the torus R2/A (p, 4, r). 
To describe T(p, 4, r) more concretely, consider the fundamental domain of the 
group action 
I(% Y)EIW*: OSxGr,OSyap}. 
First identify the upper and lower sides of the rectangle. Next glue one of the 
boundary components cf the resulting annulus to the other component so that the 
point (0, y) coincides with the point (r, y’j (0 s y, y’s p) if y - y’s 4 (mod p). Then 
the torus lR*/A(p, 4, r) and the triangulation T(p, 4, r) will be obtained. From this 
construction of T(p, 4, r), it follows immediately that T(p, 4:, r) and T(p, 4’, r) are 
equivalent if 4 = 4’ (mod p). So we shall restrict the second parameter 4 within 
o<q<p. 
Hereafter, G and fp denote a &regular torus graph and the rotation represent- 
ing its embedding in a torus, respectively. We shall show that G is equivalent to a , 
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standard one. A walk in G is IO&~ straight at a vertex 2) if w = (~[u])~(u) for 
three consecutive vertices u, t, and w on the walk. A directed cycle locally straight 
at each vertex on it is called a geodesic cycle. 
Lemma 3.3. T;br each directed edge uv of G, there is a unique geodesic ycle C(w) 
containing uv and C(uv) does not separate the torus. 
Proof. Starting from the edge uv, extend a walk toward the direction of uo so as 
to be locally straight at each vertex on it. Then the closed walk C(uv) will be 
obtained uniquely. We shall show that C(uv) has no self-intersection, that is, 
C(UU) is a cycle, as follows. 
Suppose that C( uv) were not a cycle, then there would be a cycle W which is 
locally straight at any vertex on W but one. We shall call such a cycle a 
on+point-singular rycle (only within this proof.) Choose W = (wO, wl, . . . , w,)} to 
have the minimum length in all one-point-singular cycles and let W be out of 
straight at w,,. We have the two cases indicated in Fig. 9. 
Let w:Wiwi + , be the triangle placed in the left-hand side of W (i ~0, 1, . . . , n 
(mod n + 1)). The cyclic sequence { wh, w ;, . . . , w,‘,_,} exhibits a closed walk which 
is locally straight at any point on it but one in the first case (a) and {wi, . . . , BV:,__~~ 
does in the second case (b). So we could End a one-point-singular cycle whose 
lcnk:th is less than that of W in either case. This is contrary to the minimality of 
W. Therefore the closed walk C(uv) is a cycle. - 
Now assume that C(uu) separates the torus T*. and hence that C(uv) bounds a 
disk D’ in T”. Remove all vertices of G contained in Int D* and add a single 
vertex joined to all vertices on C(uv) to Int D’. Then for the resulting triangula- 
tion G’ in T’. the inequality 
holds, where x denotes the number of vertices of G not contained in D*. This 
contradicts Lemma 3.1. Therefore C(uv) does not separate T* and cuts it into an 
annulu: . cl 
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Theorem 3.4. Every 6-regular torus graph is equiuaient 
torus graph VP, q, I). 
to a standard 6-regular 
Proof. Let G be a 6-regular torus graph with rotation p. Choose a geodesic cycle 
C, in G of length [Co1 = p, represented as a cyclic sequence {a,, a 1, . . . , t~+,__~} of 
vertices, and define a sequence of geodesic cycles Ck (k = 0, 1, . . .I inductively by 
a!O) = cli 
I (isO, 1,. . . , P - 1 (mod P)), 
aik’ = p[ai~~l)](a~k-l)), 
ck = (aa’, aik’, . . . , af$} (k 3 1). 
The set r(C,) = (Ck : k = 0, 1,2, . . .} is finite since 
minimum number such that C,, coincides with C, 
d’ = ay* 
G is finite. Then let r be the 
and q the number such that 
Since a torus is orientable, no two cycles with the opposite directions are 
contained in r(C,). It is easy to see that any two cycles of r(C,) do not intersect 
transversely; if Ci and Cj (i <i) did, then Ci and C-1 would meet transversely and 
a contradiction follows. Therefore r(CJ = (CO, C1, . . . . , C,__,) consists of r pair- 
wise disjoint geodesic cycles and each vertex of G is covered with some Ck. 
Clearly if we cut the torus along the geodesic cycle CO and next along the walk 
(UC’, at’, . . . , a:‘= a?‘}, then a rectangle will be obtained with the same triangu- 
lation as the above-mentioned fundamental domain of A(p, q, r)-action on Dg*. 
Conversely, the &regular torus graph G can be reconstructed from the rectangle 
in the same way as ‘IQ, q, r). Thus G and T(p, q, r) are equivalent. 0 
Corollary 3.5. Any B-regular torus graph is symmetrically embedded in a torus. 
That is, any two vertices of it are transferable by an autohf3meomorphism of the 
torus which leaves the graph invariant. 
Proof. The observation in the previous proof shows that two kinds of slides along 
the torus carry each vertex uik’ to ajk+lj and a$ji respectively, and their 
compositions connect any two vertices. Cl 
The standard form T(p, q, r) of G depends on the choice of a geodesic cycle Co. 
It is however sufficient to choose one from the six geodesic cycles through a fixed 
vertex a0 of G, by the symmetry of its embedding stated in the above corollary. 
Recall that the inverse rotation p- ’ also exhibits the embedding of G, so the pair 
(CO, p-l) may determine a standard form different from that by the pair (CO, p). 
In fact, the number of distinct standard forms of G does not exceed six, as the 
next theorem shows. Let (A, B) denote the greatest common divisor of two 
integers A and B. 
Theorem 3.6. Two G-regular torus graphs T(p, q, r) and T(p’, q’, r’) are equivalent 
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if a& only if one of rt-oe following six equations (0) to 00 holds: 
i 
p’ = p. 
(Oi q’=q, 
I r =t . 
i 
p’ = prl(p, q + r)* 
(I) q’ = @r (mod p’), P(r+qP -(p, q + r) (mod PA 
r’ = (p. q + r). 
1 
p’ = &J, q). 
(II) q’= -(p,q)+pr(modp’A Pq=-(p9qNnodp), 
r’ = (p. 4). 
i 
p’= p. 
(III) q’ = -(q + r) (mod p). 
r’ = r. 
(IV) q’= 
i 
p) = prl(p, q + 4. 
--(p, q + r) + @r (mod p’), p(q + P) = (p. q + r) (mod p), 
r’ = (p, q + r). 
P’ = pr/(p, q). 
(V, q’ = (p, 4) + @r (mod p’), Pq = (p. q) (mod p). 
r’ = (p, q). 
each equation, (p’. 
q! < pt. 
yt, r’) is determined by (P, 4, r) 
PHMB%. Let (G. p) be a 6-regular torus graph with rotation, and Ci = 
{ a() _- (l,[)v <Ifi 1 v- - * 9 Uip, 1 ) the six geodesic cycles in G through a fixed vertex a0 
‘with ai ei 1 - &B[UoJ(Ui 1) (i GO, 1 , 2, 3,4, S (mod 6)). Let T(pi, qiq Ti) and T(p:, qi, r:) 
be the standard forms of G determined by the pair (Ci, p) and (Ci, p-‘) respec- 
tively in the way of the proof of Theorem 3.4. The &regular torus graph G has no 
0~ than these standard forms, so it is sufkient to show that they can be 
obtalr,<d from T(p,,, q,,. I,,) by 
simplifying, we shall replace 
respectively. 
applying one o1 A Ic he six translations (0) to (V). For 
the parameters po, q, and r. with p, q and r 
First we shall observe that the parameters {p3, q3, r& coincides with (p, q, r), 
which implies ?hat a standard form does not depend on the direction of a given 
geodesic cycle. Therefore ?\t most six standard forms T(pi, qi, ri). T(p:. yi, ri) 
(i = 0, 1,2 (mod 6)) are distinct from one another. 
Recall the universal 6-regular triangulation 6 in R* and the action of the group 
d(p. ~1. r) on [w’. The rechoice of the geodesic cycle and the rotation corresponds 
to tlx recoordinate of [w”. We take the standard coordinate of Iw” for T(p, q, r). 
The11 the y-axis with positive and negative directions cover the geodesic cycle Co 
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and C3 respectively, and the fund _,axnp,ntal domain for T(p3, q3, t3) is the rectangle 
{(m, y)ER*: -r3SxSO, -p3<y SO). 
Clearly p3 = p and r3 = r. The point (-tj, 0) =(-t, 0) is identified with the point 
(0, -q), that is, the qth point counting from the origin (0,O) along the y-axis with 
negative direction. This implies that q3 = q. 
It can be shown that the translations (I), (II), (III), (IV) and (V) transform 
T(p, 4, r) into T(p,, ql, rl), Up2, q2, r21, Upi& 46, d), T(pl, ai, 4) and 
T(p$, q& ri), respectively. We shall however demonstrate only the case of 
T(p,, ql, r,), to avoid the repetition of similar processes. 
The line x = y in R* covers the geodesic ycle C, and the fundamental domain 
for T(p,, ql, rJ is the parallelogram with the arrow vectors (pr, pl) and (0, -rl) as 
its two adjacent edges. Each element of A(p, q, r) sends the origin to the point of 
the form (pr, ctp - pq) (dy, p c Z). If such a point lies on the line x = y, then the 
integral equation 
pr=ap+q 
holds and the minimum positive @ is equal to p/(p, q + r). Hence p1 = pr/(p, q + r) 
and rl = (p, q + r) since pr = p1 rl is the number of vertices of G. 
In order to determine the parameter ql, we need to decide which point on the 
line x = y is transferable to the point (0, -rl) by the action of A(p, q, r) on R2. All 
points (fir, -r, + cup - pS) (ar, @ E H) are carried onto the point (0, -rJ by elements 
of A (p, q, r). For the points on the line x = y among them, 
and hence 
P(s+rF -(P, q + r) (mod p). 
Thus for the solutions @ of the above congruence equation, the prth points 
counting from the origin along the line x = y are identified with the point (0, -rI) 
when we construct T(p,, ql, rl). Since the geodesic cycle C1 has length pl, 
q1 = @r (mod pl). 
Therefore T(p,, ql, rr) can be obtained by applying the translation (I) to T(p, q, r). 
We shall leave the othter cases to the reader. 0 
CO~H~F~ 3.7. Two 6-regular torus graphs T(p, q, r) and T(p’, q’, r’) are equivalent 
if and only if T( p’. q’* r’) can be obtained from T( p, q, r) by applying the translation 
(I) at most two times with or without the single translation (131) succeeding. 
Iproof. The translation (I) corresponds to the replacement of a given geodesic 
cycle with the next one and the translation (III) to the replacement of a given 
rotation with its inverse. It is clear that the set of the six translation (0) to (V) is a 
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group with respect to their compositions and that the group is the dihedral group 
of order 6 generated by Fhe two translations (I) and (III). We conclude the 
corollary from this fact. 0 
Remark that the graphs T(p, q, r) may have loops or multilines in general. Then 
non-simple ones should be distinguished from them, because we have declared to 
treat only simple graphs. Notice that the uniqueness of embedding of a non- 
simple graph holds no longer. 
Tahlc 1. List of the h-regular torus graphs 
-- 
Number of 
vcrt ices Members of equivalence classes 
T(7.0. 11, T(7.6. l), T(1.0.7) 
T(7, 1. 1). T(7.3. lb. T(7.5. I! 
T(7.2. 1 A T(7.4, 1) 
T(8.0, 1). T(8.7, 1). T( 1.0.8) 
T(8. 1, 11, T(8.6. 1). T(4,3,2) 
T(8.2. 1). T(8.S. 1). T(4. 1.2) 
T(8.3, 1). Ti8.4, 11, T(2. 1,4) 
T(4.0.2). T(4 .X2), T(2.0.4) 
T(9.0. 11. T(c). 8, I), T( 1.0.9) 
T(Y. 1. 1). T(9.4. I), T(9.7, 1) 
T(9.2. I). T(9.3. 1). T(9. S, 1). ?-(9-h. 1 b. T(3. 1.3). T(3.2.3) 
T(3.0.3) 
T( 10. 0. 1). T( IO. 9, 1). Tt I. 0, 10) 
Tt IO. 1. 1). TllO. X. II. T(S, 4, 2) 
I‘( IO. 2. I I. T( IO. 3. 1). T(10, 6. 1). T( IO. 7. 1). T(5, 1. 3). T(S, 2, 2) 
TllO, 4, 1). T(IC). 5, 1). T(S, 0.2). T(S, 3,2), T(2.0.5). T(2.1, S) 
7’(11.0.1), T(ll.lO, I!, T(I.0, II) 
T(I1, 1. 1). T(11.5, I), T(11.9, I) 
T(11.2. I), T(11.3, l), Till,4,1), T(l1.h. 1). T(11,7,1), T(11,S.l) 
T(12.0. I), T(12. 11, 1). T(l.0, 121 
T(12. 1, 1). T(12. 10. l), T(6.5.2) 
7’( 12.2. 1 A T( 12.9, I), T(6, 1.2). T(6.3, “). T(4,Z.N. T(4.3.3) 
T(12.3. 1). T(12.8, 1). T(4,0,3), T(4, 1. 7~. T(3,0.4), T(3.2.4) 
T(12.4. I). T12.7, 1). T(3. 1.4) 
7‘(12.S, 1). T(12.6, 1). T(2. 1.6) 
Tth. 0. 3, nh. 4, 3, 7*(2, 0. 6,) 
T(6 , -. ’ - “) 
T(13,0, 1). T(13. 12, 1). T(1.0, 13, 
T(13. 1. 1). T(13.6. I). T(13. II, 1) 
T(13.2. I), T(13.4, 1). T(13, S, 1). T( 13, 3. 1). T’(13.X, lb, T(l3, 10, I) 
T(l3.3.1~, ‘r-(13.9,1) 
T(14.0. I!, T(14, 13. 1). T(l,O. 14) 
T(14, I, 11, T(13, 12, 1). T(7,6.2) 
Tt14.2. 1). T(14.4, I), T(14.9, 1). T(l4, 31, l), T(7, 1,2), T(7,4,2) 
T( 14.3, 1). ‘I’( Id, 5, I), T(14.8, I), T(l4, 10, lb, T(7.2,2), T(7.3.2) 
T( 14.6. 1). T(1-t. 7. lb. T(7.0.2). T(7.S. 2). T(2,0,7), T(2, I,71 
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Theorem 3.8. (i) The torus graph T(p, q, r) has a loop if and only if T(p, q, t) is 
equivalent to T( I, 0, pr). 
(ii) The torus graph T(p, q, r) has muMines if and only if T(p, q, r) is equivalent 
to one of T(2,0, gpr), T(2,1, ipr) and Ttpr, 1, I). 
Proof. (i) If T(p, q, c) has a loop, then the loop is a geodesic cycle of length 1. So 
T(p, q, r) has another standard form with the first parameter 1. The second and 
third parameters are necessarily determined. 
(ii) Suppose that two vertices v and u are joined by muMines in T(p, q, r). If 
the multilines form a geodesic cycle of length 2, then T(p, q, r) is equivalent to 
either T(2,0, $pr) orT(2,1, #pr). Otherwise, choose a geodesic cycle C(uv) con- 
taining the directed edge uv, suitably. Then we may assume that the y-axis covers 
C(uv) and the vertex u is lifted to the origin (0,O) in the universal 6-regular 
triangulation G, and that the points (0,l) and /l,O) project to the vertex v. This 
implies that T(p, q, r) admits another form T( *, 1,l). Then the geodesic cycle 
C(uv) must have length pr, and the first parameter is equal to pt. Cl 
The classification of 6-regular torus graphs has just been completed. Table 1 
shows the list of equivalence classes of 6-regular torus graphs with a few vertices. 
The classes indicated with * consist of non-simple graphs. In particular, there is 
only one class of simple graphs with seven vertices, and the graphs are isomorphic 
to the complete graph K,. Therefore K, is uniquely embeddable in a torus. 
4. Uniqraeness and faitbfubess 
In this section, the proof of our main theorems will be completed. We shall 
establish a suficient condition for a triangulation of a surface to be uniquely and 
faithfully embeddable in the surface. A finite number of 6-regular torus graphs 
which do not satisfy the condition will be recognized with their types by solving 
two kinds of integral linear equations. The uniqueness and the faithfulness of their 
embedding will be checked individually. 
Let (U) denote the subgraph of a graph G induced by a subset U of V(G). 
That is, 
V((U))=U and E((U))={~~EE(G): u,v~U}. 
Theorem 4.1. Let G be a triangulation of a surface F. Suppose that the subgraph 
(N(v)) admits precisely one hamiltonian cycle for each vertex c of G, then G is 
uniquely and faithfully embeddable in F. 
Proof. Let fl, f2 : G --, F be two embeddings of G into F. They are necessarily 
triangular. Setting a* = fpcro f; * 1 fl (G) for an arbitrary automorphism (T : G ---, G, 
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we shall show that o* : f,(G) * f*(G) extends to an autohomeomorphism h : F+ 
Let L(U) be the unique hamiltonian v:vcle of (N(o)) for each vertex u of G. me 
map fi (i = 1,2) embeds the cycle L(u) onto the cycle in fi(G) which bounds a disk 
containing the vertex h(u), and o* carries f,(L(u)) onto f&(u)). If a triangle 
f&W (a, h, c E V(G)) bounds a face of f,(G) in F, then f&L(a)) contains the 
ed!ge f,(k) and hence f2(1L(a)) contains the edge &(bc). Therefore the triangle 
f&k) bounds a face of f2(G) in F, so we can define h : F + F with h If&G) = CF* 
so that It maps the face bounded by f&&c) onto the face bounded by ;fa(abc). 0 
For 6-regular toxoidal graphs, we have the following: 
Corollary 4.2. Let G be a 6-regular toroidal graph. If G contains no subgruph 
isomorphic to the graph A or B illustrated in Fig. 10, then G is uniquely and 
faithfully embeddable in a torus. 
Proof. Suppose that a 6-regular toroidal graph G is not uniquely or faithfully 
embeddabie in a torus, then there is a vertex u of G for which the subgraph 
(N(u)) has at least two hamilton cycles, by the previous theorem, and one of the 
two forbidden graphs A and B can be found in (N(u) U(0)). Cl 
All we need has been prepared. Recall the equivalence of &regularity and 
6-connectivity for toroidal graphs (Theorem 3.2). We shall prove together 
Theorem I. 1 and 1.2 with ‘6-connected’ replaced by ‘6-regular’, as follows: 
Theorem 4.3. Any &regular toroidal graph except T(7,2, l), T(8,2, 1) and 
T(3,O. 3) is uniquely and faithfully ernbeddable in a torus, and these three 
exeptions are also uniquely hut not faithfully embeddable in a torus. 
Proof. We shall list up the 6-regular torus graphs which contain the graph A and 
B as their subgraphs. By Corollary 4.2, any other 6-regular torus graph is 
uniquely and faithfully embeddable in a torus. Corollary 3.5 shows that any 
6-regular toroidal graph is vertex-transitive, so it is sufficient to decide whether 
(Pd;+&}> c on dms the graph A or B for onh one fixed vertex u of T(p, q, r). t’ l 
Fig. IO(a). The graph A. Fig. 10(b). The graph B. 
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We assume that the vertex v corresponds to the origin of the universal 6-regular 
triangulation G in R2. 
(A) The list of 6-regular torus graphs containing the graph A: Suppose that 
T(p, q, r) includes the graph A as its subgraph so that the vertex 0 of A coincides 
with the fixed vertex v of T(P, q3 r). After modification of the type (p, q, r) up to 
equivdence, we can assume that the vertices 1, 2, 4 and 5 of A are lifted to the 
points (0, l), (1, l), (0, -1) and (-1, -l), respectively, in 6. Then the points 
(-1, - 1) and (0, - 1) must be carried into the neighborhoods of the points (1,l) 
and (0, l), respectively, by elements of A(P, q, r). Therefore the following linear 
equations admit integral solutions (a, @; CY’, 0’): 
i 
(I:)+f-(;)+@(_;)= (;)y 
(:J+~(;)+~(_b)= (f:) 
where 
and 
(;I)= (A’)* (;) or (i). 
Conversely, if the parameters (p, q, r) make the above integral equations consis- 
tent, then T(p, q, r) has the graph A as its subgraph. Since we deal with only 
simple graphs, we,_should desire the non-negative integers p, q, and r satisfy the 
conditions 
P”33, VqSO, paa7. 
Table 2 shows the complete list of the integral solutions. It has been seen that 
T(7,2,1), and 7’(7,4,1) are equivalent to the unique embedding of the complete 
graph K,, and the translation (I) transforms T(3,1,3) into T(9,2,1). So we have 
precisely four 6-regular torus graphs T(7,2, l), T&2,1), T (9,2,1) and 
T(3,0,3) which contain a subgraph isomorphic to the graph A. 
Table 2 
7 2 1 1 2 0 -1 
8 2 1 1 3 0 -1 
9 2 1 1 3 0 -1 
3 1 3 1 1 1 0 
3 0 3 1 1 1 0 
741231 1 
(B) The list of &regular torus graphs containing the graph Br Assuming that 
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the vertices 1, 2, 3 and 6 of B in T(p, 4, r) are lifted to the points (CL), l), (1, 1), 
(1.0) and (- 1, 0), we set up the following linear equations similar to those of the 
case (A): 
where 
abd 
Solving the integral equations under the condition for T(p, 9, r) to be simplr, we 
obtain Table 3. Therefore only two 6-regular torus graphs T(7,2, 1) and 
T(8.2, 1) contain the graph B as their subgraphs. 
7 2: 1 I 3 0 -1 
H 2 1 1 3 0 -1 
The complement of T(9,2, 1) is a cycle of length 9, while that of T(3,0,3) 
consists of three triangles. Thus T(9,2, 1) and T(3,0,3) are not isomorphic as 
graphs. The graphs T(7,2, l), T&2, I), T(9,2. 1) and T(3,0,3) are necessarily 
uniquety embeddable in a torus because no isomorphic graphs with their equival- 
cnt cmbeddings belong to the list. 
Now we shall decide whether each member of the list is faithfully embeddable in
a torus or not. By Proposition 2.3, it has been already shown that the complete 
graph T(7.2, 1) is not faithfully embeddable in a torus. We observe that the torus 
Fig. 11. 
graph defined in Proposition 2.4 is equivalent to ‘I”(9,2, l), taking the geodesic 
cycle 012345678 in Fig. 4. Thus T(c), 2,1) is faithfully embeddable or embed- 
ded in a torus, so it is not an exception to the theorem. 
For the other two, we shall check their rotations. The torus graph T&2,1) 
with its eight vertices on a geodesic cycle labeled 0, 1, 2, 3,4, 5, 6 and 7 in o.Tder 
has the rotation 
0. 132756 
1. 243067 
2. 354170 
3. 465201 
4. 576312 
5. 607423 
6. 710534 
7. 021645. 
The complement of T&2,1) consists of the four edges 04, 15, 26 and 37, so the 
permutation (13)(57) induces an automorphism of T&2,1). The automorphism 
however breaks the rotation. Therefore the unique embedding of 7’(8,2,1) is not 
faithful. 
The torus with T(3,0,3) embedded can be cut opt n to the rectangle shown in 
Fig. 11, and the rotation of 7’(3,0,3) reads 
0. 143286 
1. 254067 
2. 035178 
3. 047652 
4. 158730 
5. 236841 
6. 371085 
7. 482163 
8. 560274. 
There ic an automorphism of T(3,0,3) which interchanges the vertices 0 and 5 
and which leaves the others fixed, since its complement is the union of the three 
cycles 057, 138 and 246. The above scheme with 0 and 5 interchanged however 
does not represent the unique embedding of T(3,0,3). So the rotation is not 
faithful and T(3,0,3) is not faighfully embeddable in a torus. 
The list of the exceptions is completed. U 
Remark. The uniqueness theorem implies that the isomorphism classes of 6- 
regular toroidal graphs are one-to-one corresponding to the equivalence classes of 
Cregular torus graphs. There is no gap between &regular toroidal graphs and 
torus ones. The faithfulness theorem and the concept of the universal 6-regular 
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triangulation suggest a method to detemine the automorphism group of a 
6-regular toroidal graph. 
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